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A STUDY OF TWO-LAYER GAS FLOY I N  S U P E R S O N I C  

AXISYMMETRIC NOZZLES 

U. G. Pirumov 

(Moscow) 

ABSTRACT. Two methods of c a l c u l a t i n g  two-layer 
flow are described. The f i r s t  is a g e n e r a l i z a t i o n  of 
t he  numerical method of determining t h e  i n v e r s e  problem 
[l] t o  t h e  case of two-layer flows without taking mixing 
i n t o  considerat ion.  The second is  amethodof  character-  
ist ics f o r  ca l cu la t ing  two-layer flows i n  supersonic  
nozzles.  Here, t h e  usual  method of c h a r a c t e r i s t i c s  i s  
modified t o  c a l c u l a t e  a point  on t h e  l i n e  sepa ra t ing  l a y e r s  
having d i f f e r e n t  a d i a b a t i c  exponents, d i f f e r e n t  t o t a l  
pressures  and temperatures. This  paper a l s o  p re sen t s  the 
r e s u l t s  of c a l c u l a t i n g  a two-layer flow i n  nozzles  w i t h  
d i f s e r e n t  a d i a b a t i c  exponent and gas f lowra te  r a t i o s  i n  
t h e  l aye r s .  

1. I n  [l] ca lcu la t ions  of super  and subsonic i r r o t a t i o n a l  i s e n t r o p i c  

flow f o r  an i d e a l  gas u t i l i z e d  a system of gas dynamic equations w r i t t e n  with 

t h e  v a r i a b l e s  IJJ ( cu r ren t  function) and x (Cartesian coordinates i n  t h e  m e r i -  

d i an  plane) .  The flow f i e l d  w a s  def ined as t h e  r e s u l t  of numerical s o l u t i o n  

of an inve r se  problem i n  nozzle  theory. With coordinates  $, x i t  i s  conven- 

i e n t  t o  ca r ry  out ca l cu la t ions  of mul t i layer  flows wi th  d i s t i n c t  phys ica l  pro- 

p e r t i e s .  Such ca l cu la t ions  can be made i n  t h e  framework of an i d e a l  l i q u i d  

without t ak ing  l a y e r  mixing i n t o  account. The t o t a l  temperature, t o t a l  pres- 

s u r e  and a d i a b a t i c  exponent may 'then h e  d i f f e r e n t  i n  t h e  l a y e r s .  W e  s h a l l  

designate  t h e  flow co re  parameters wi th  s u b s c r i p t  1 and t h e  parameters of . 

* 
Numbers i n  t h e  margin i n d i c a t e  t h a  paginat ion i n  t h e  o r i g i n a l  f o r e i g n  text. 
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Figure 1. 

t h e  boundary l a y e r  with subsc r ip t  2 

(Figure 1). I f  w e  set $= $P up t o  a 

c e r t a i n  cu r ren t  l i n e ,  t h e  gas  w i l l  

have the  a d i a b a t i c  exponent k. = ki and 

Beginning at  a t o t a l  p ressure  of p 

t h i s  cur ren t  l i n e ,  i t  w i l l  have t h e  

ad iaba t i c  exponent k = k z  and a t o t a l  

p ressure  p 

$ = = g P J  both flows should have i d e n t i -  

O i '  

On the  cu r ren t  l i n e  
02 * 

c a l  ve loc i ty  angles of i n c l i n a t i o n  and 

i d e n t i c a l  s t a t i c  pressure  values.  

I n  t h i s  connection, a t  the  cu r ren t  

l i n e  $ = q P  t h e  following r e l a t ion -  

sh ips  should be s a t i s f i e d .  

Here u and v are p ro jec t ions  of t h e  ve loc i ty  vec to r  w on t h e  x and y axes /77 
of a Cartesian system of coordinates  with respect  t o  a - t h e  c r i t i ca l  speed 

of sound; p , p  are the  pressure  and dens i ty  i n  r e l a t i o n  t o  the  pressure  and 

densi ty  f o r  w = & ;  is t h e  t o t a l  p ressure .  Af te r  ca l cu la t ing  t h e  flow f i e l d  

by the  d i f f e rence  Formulas (1 .2) - (1 .5)  of [l] up t o  t h e  cur ren t  l i n e  with*=%: 

on t h i s  l i n e  Formulas (1 .1 ) - (1 .3 )  of t h i s  re ference  are used t o  determine t h e  

parameters with subsc r ip t  2 based on t h e  known parameters with subsc r ip t  1. 

The ca l cu la t ion  is  continued using Formulas (1.2)-(1,5) of [l]. 

PO 

The r e s u l t s  of ca l cu la t ing  a two-layer flow with a ve loc i ty  d i s t r i b u t i o n  
- 

on t h e  axis (3 .2)  of [l] f o r  W ,  = 0.1, .w- = 1.9, 11 b = 3.5 and k, = 1.14 
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Figure 2 .  

X.2 1.4, CT = 1 and Q p  = 0.04 are given i n  Figure 2,  where w e  have shown t h e  a 

cur ren t  l i n e  f o r  t h e  ca lcu la ted  flow (*=const), 

t h e  l i n e  8 - 0  ( l i g h t  do ts ) .  According t o  Figure 2 ,  i n  t he  second l a y e r  t h e  

son ic  l i n e  w = 1 (dark dots)  is  loca ted  f a r t h e r  below t h e  flow than i n  t h e  

f i r s t  l aye r .  

s i d e s  of t h e  separa t ion  boundary are q u i t e  c lose  t o  each o ther  i n  t h e  subsonic  

region,  bu t  they become markedly d i f f e r e n t  from t h e  t r ansson ic  reg ion  on. 

t h e  l i n e  w = const ,  and 

From t h i s  f i g u r e ,  i t  a l so  follows t h a t  t h e  value of w on both 

2 .  L e t  us consider  supersonic  two-layer flow i n  a nozzle  with an angu- 

l a r  poin t  and a given p r o f i l e .  On the  i n i t i a l  c h a r a c t e r i s t i c  ABC, t h e  flow 

parameters (Figure 1) are known. The ca l cu la t ions  given below w e r e  made on 

the  condi t ion t h a t  t h e  ve loc i ty  vec tor  on i n i t i a l  c h a r a c t e r i s t i c  ABC w a s  para- 

l l e l  t o  t h e  x-axis, and the  value b z  w a s  assigned on c h a r a c t e r i s t i c  AB. 

Moreover, i t  w a s  assumed t h a t  /3 = Y M 2  - 1 on C h a r a c t e r i s t i c  AB w a s  constant  

(M = 1.01) and equal t o  t h e  value 832' on t h e  l i n e  of s epa ra t ion  i n  region 2. 

On c h a r a c t e r i s t i c  BC,  t h e  quan t i ty  B w a s  a l s o  assumed t o  be constant  and equal  

t o  a value of B 3 1  on t h e  l i n e  of s epa ra t ion  i n  region 1. 

w a s  found from t h e  condi t ion t h a t  the  gas s t a t i c  pressures  were equal  on t h e  

l i n e  of separa t ion ,  from which i t  follows t h a t :  

e 

Thus, a value of 
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I 

2 
IC2 - 1 k2- 1 

(2 .1)  

Since t h e  values of P:2 and PW a t  poin t  B are d i f f e r e n t ,  while  t h e  

angles of i n c l i n a t i o n  of ve loc i ty  0 3 1  and 0 3 2  coincide,  t h e  angle  of i nc l ina -  

t i o n  of c h a r a c t e r i s t i c  AC a t  poin t  B undergoes a break. 

We may w r i t e  t h e  formulas f o r  ca l cu la t ions  by t h e  method of c h a r a c t e r i s t i c s  

- 178 

of t h e  poin t  on t h e  l i n e  of separa t ion  between t h e  two l aye r s .  The computa- 

t i o n a l  formulas f o r  po in ts  i n  t h e  angular po in t  f i e l d ,  po in t s  on t h e  axis of 

symmetry and on t h e  p r o f i l e  i n  ea{h l a y e r  are considered i n  g r e a t e r  d e t a i l  i n  

[2] .  

parameters 5, y, pa2, pa,, c =  tg  0 ,  which need t o  be defined. To determine them, 

w e  use the  known poin ts  0, 2 ,  4 ,  5 and t h e  a u x i l i a r y  poin t  1, loca ted  on t h e  

c h a r a c t e r i s t i c  of t h e  second family,  whose loca t ion  i s  not  defined. To f i n d  

the  parameters a t  po in t  3, w e  use the  following condi t ions:  

a t  t h e  i n t e r s e c t i o n  of t h e  f i r s t  family c h a r a c t e r i s t i c s  , passing through 

po in t s  1 and 3, and t h e  second family c h a r a c t e r i s t i c s  passing through po in t s  

2 and 3 ;  (2) po in t  3 l ies on t h e  cur ren t  l i n e  of t h e  l i n e  of s epa ra t ion  03; 

(3) the  s t a t i c  pressures  a t  poin t  3 on both s i d e s  of t h e  l i n e  of s epa ra t ion  

are equal;  ( 4 )  poin t  1 l i e s  on t h e  second family c h a r a c t e r i s t i c s  i n  region 1. 

I f  t h e  x coordinate  f o r  t h i s  po in t  i s  known, t h e  remaining parameters a t  t h e  

po in t  are determined by quadra t i c  i n t e r p o l a t i o n  from t h e  known po in t s  0 ,  4 

and 5. 

Point  3, s i t u a t e d  on t h e  l i n e  of separa t ion ,  is  charac te r ized  by t h e  

(1) po in t  3 lies 

These condi t ions enable  us  t o  ob ta in  s ix  equations f o r  t h e  s ix  unknown 

funct ions ,  some of which are found as a r e s u l t  by rep lac ing  t h e  d i f f e r e n t i a l  

equations f o r  d i r e c t i o n  and consis tency along t h e  f i r s t  and second family 

c h a r a c t e r i s t i c s  by f i n i t e  d i f f e rence  r e l a t ionsh ips  [2].  Depending on t h e  

i n c l i n a t i o n  of t h e  c h a r a c t e r i s t i c s  of t h e  f i r s t  and second f ami l i e s  i n  a cal- 

cu la t ion  of a poin t  on t h e  separa t ion  l i n e ,  as w e l l  as i n  the. case of one- 

l a y e r  flow [2] , w e  have f o u r  v a r i a n t s  of formulas f o r  computing t h e  unknown 

q u a n t i t i e s  a t  a po in t  on t h e  l i n e  of separa t ion .  

4 
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i n c l i n a t i o n s  of t h e  f irst  and second family Charac t e r i s t i c s  are c lose  t o  11237, 

t h e  formulas have t h e  form 

The (2.2)-(2.7) system is solved by the  method of success ive  approxima- 

t i o n s .  

t h e  second term equals  t h e  f irst ,  from (2.2)-(2.3) w e  can f i n d  x3 and y3. 

Moreover, from (2.4) w e  can f i n d  x1 assuming t h a t  i n  c o e f f i c i e n t s  m and n 

t h e  second term equals  t h e  f i r s t ,  and parameters w i th  a lower index of 1 

I n  the f i r s t  approximation, if w e  assume t h a t  i n  t h e  c o e f f i c i e n t  no 

0' 
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equal parameters with a lower index of 0. 

quadra t ic  i n t e r p o l a t i o n  w e  can f ind  y 1, fil and rl. Parameters Ij32 and p 3 1  are 

found from Relat ionships  (2.5) and (2.6) which are reduced t o  a s i n g l e  t rans-  

cendental  equat ion with a s i n g l e  unknown , f i b , .  I n  t h e  f i r s t  approximation, t h e  

second terms i n  c o e f f i c i e n t s  K ,  J, L, No areassumedto  equal t h e  f i r s t .  

Solving t h e  t ranscendenta l  equation by Newton’s method, w e  f i n d  ,PSI  
p 3 ,  and r from Relat ionships  (2.6) and (2.7).  I n  t h e  following i t e r a t i o n s ,  

i n  computing.the second terms i n  the  coe f f i c i en t s  m, n o ,  n 

w e  use the  values  of p3,, Bs2, 53, y3, y i  , 
proximation. I n  an analogous fashion,  t h e  corresponding formulas can be found 

f o r  the  remaining t h r e e  va r i an t s .  

Using t h e  value of x by means of 1’ 

and then 

3’ 
K,  L,  J and N ,  0’ 

and B 1 1 obtained i n  t h e  preceding ap- 

3 .  Using t h e  method of c h a r a c t e r i s t i c s  described above, ca l cu la t ions  

w e r e  made of two-layer flow i n  a nozzle  with an angular  po in t .  W e  f i r s t  con- 

s ide red  fan of expansion waves a r i s i n g  through flow around t h e  angular  po in t  

and then t h e  flow on a given contour. 

i t  w a s  assumed t h a t  k ,  = 1.14 and k, = 1.4 and t h e  r a t i o  between t h e  flow rates 

i n  the  l aye r s  w a s  var ied  by changing t h e  va lue  of y* (Figure 1 ) .  I n  a l l  

v a r i a n t s  t h e  t o t a l  temperature and t o t a l  p ressure  i n  t h e  two l a y e r s  w e r e  

I n  a l l  of t h e  v a r i a n t s  consdiered, 

considered equal.  

It should be noted t h a t  the  r a t i o  between t h e  t o t a l  temperatures does 

not  e n t e r  i n t o  Relat ionships  (2.2)-’(2.7) and i n  t h i s  connection t h e  r e s u l t s  

obtained may be  a l s o  used f o r  d i f f e r e n t  t o t a l  temperature r a t i o s .  Thus, t h e  

only change i s  t h e  flow rate r a t i o  between t h e  two l aye r s .  

Two-phase axisymmetric supersonic flow w a s  s tud ied  i n  a nozzle  wi th  an 

angular po in t ,  designed f o r  uniform, para l le l  one-layer flow with an oucput 

Mach number of M = 4.6 and k = 1.14.  
ca l cu la t ing  t h e  parameters i n  a fan of expansion waves. As a r e s u l t  of t h e  

ca l cu la t ions ,  i t  w a s  shown t h a t  t he  d i s t r i b u t i o n  of M numbers on t h e  nozzle  

a x i s  f o r  two-layer flows wi th  k 
from the  M number d i s t r i b u t i o n  over t h e  axis i n  one-layer flow w i t h  k = 1.14 

even wi th  flow rates as l a r g e  as 50% i n  t h e  boundary layer .  

We s h a l l  f i r s t  discuss  t h e  r e s u l t s  of 
0 

= 1.14 and k2 = 1.4 d i f f e r s  only s l i g h t l y  1 

A s  a r e s u l t  of 

6 
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t hese  ca l cu la t ions ,  i t  follows t h a t  a change of angle  0 on the  second family 

c h a r a c t e r i s t i c s  i s  nonmonotonic and the  maximum of angle  0 i s  i n  the  v i c i n i t y  

of t h e  f irst  r e f l e c t e d  from t h e  ax i s  of t h e  c h a r a c t e r i s t i c  CD. It should be  

noted t h a t  similar r e s u l t s  were a l s o  obtained i n  ca l cu la t ions  of t h e  charac- 

t e r i s t i c s  of a fan of expansion waves i n  a one-layer flow, beginning as a 

uniform flow [ 3 ] .  The r e s u l t s  show t h a t  i n  a fan .of  expansion waves, a t  f i r s t  

t h e  M number change 

l i n e  of s epa ra t ion  t o  t h e  axis of synunetry occurs monotonically. 

from t h e  angular  po in t  t o  the  l i n e  of separa t ion  the  M number changes nonmono- 

t o n i c a l l y ,  and a maximum of M i n  t h e  neighborhood of t h e  c h a r a c t e r i s t i c  BN i s  

r e f l e c t e d  from t h e  l i n e  of separat ion.  However, i n  subsequent c h a r a c t e r i s t i c s  

o f  a f a n  o f  expansion waves, the nonmonotonic cha rac t e r  of M v a r i a t i o n  from 

t h e  angular po in t  t o  t h e  l i n e  of separa t ion  occurs only f o r  s m a l l  gas flow 

rates through t h e  boundary l a y e r  (less than 10%). 

v a r i e s  monotonically. Natura l ly ,  t h e  M number experiences a d i scon t inu i ty  a t  

t h e  l i n e  of separa t ion .  

along the  c h a r a c t e r i s t i c s  of t h e  second family from t h e  

However, 

A t  l a r g e  flow rates, M 

L e t  us consider  t he  v a r i a t i o n  of t h e  flow parameters along t h e  l i n e  of 

s epa ra t ion  and compare them with t h e  contour parameters. Figures 3 and 4 show 

t h e  dependence of t h e  q u a n t i t i e s  c = t g 8  and J3=yPfz-1 on t h e  length  on 

t h e  l i n e  of separa t ion  and t h e  contour f o r  y* = 0.8, kl = 1.14,  k2 = 1.4. 

From Figures 3 and 4 and t h e  r e s u l t s ,  i t  follows t h a t  t h e  values  of 5 and 6 

on t h e  l i n e  of separa t ion  ( l i g h t  do ts )  and on t h e  contour (dark docs) d i f f e r  

only s l i g h t l y  f o r  x>1 .5  even f o r  l a r g e  flow rates through the  boundary l a y e r  

up t o  50%. However, t h e  values  of p32 and p3, on t h e  l i n e  of separa t ion  

d i f f e r  r a t h e r  s i g n i f i c a n t l y .  

i s  taken as the  u n i t  of length.  

I n  Figure 3-6 t h e  rad ius  of t h e  minimum s e c t i o n  

L e t  us now consider  t h e  v a r i a t i o n  of parameters on t h e  contour f o r  l a r g e  

flow rates i n  t h e  boundary l aye r .  Figure 5 shows t h e  dependence of t h e  Yfch 

number f o r  one-layer flows (lower curve k = 1.14) and two-layer w i th  ki= 1.14, 

/ 80 - 

- . . .  kz = 1.4; Y+ = 0.7 (upper curve) , and wi th  k, = 1.14, kz = 1.4, y* = 0.8 (middle curve),  

from which w e  can see t h a t  t h e  M number f o r  a two-layer flow is  g r e a t e r  than 
- -  

_. - . 

t h e  M number f o r  a one-layer flow. Thus, t h e  M number i s  somewhat l a r g e r  f o r  ' 
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Figure 3. 

Figure 4 .  

Figure 5. 

8 

Figure 6. 



L 

I a th i cke r  boundary l aye r .  The second family c h a r a c t e r i s t i c s  AB (Figure 1) 

curves away from t h e  l i n e  of separa t ion  and approaches po in t  N. For boundary 

l a y e r  flow r a t e s  g r e a t e r  than lo%, t h e  Mach number i n  t h e  v i c i n i t y  of po in t  N 

varies monotonically. However, at  po in t  2 '  on t h e  contour t h e r e  i s  a discon- 

t i n u i t y  of t h e  de r iva t ive ,  and -as  t h e  flow rate increases  through t h e  boun- 

dary l a y e r  - t h i s  po in t  is  s h i f t e d  below t h e  flow. 

at which t h e  d e r i v a t i v e  dM/dx undergoes a d i scon t inu i ty ,  is loca ted  i n  t h e  

v i c i n i t y  of t h e  f i r s t  family of c h a r a c t e r i s t i c s ,  curving away from t h e  l i n e  of 

separa t ion  and leaving  t h e  poin t  of i n t e r s e c t i o n  of t h e  l i n e  of s epa ra t ion  and 

t h e  last c h a r a c t e r i s t i c  of t h e  second family. 

Poin t  2 '  on t h e  contour, 

Figure 6 shows t h e  d i s t r i b u t i o n  of pressure  along t h e  contour of a - I 8 1  

nozzle  with an angular  po in t  f o r  a two-layer flow wi th  k 
wi th  d i f f e r e n t  values  of y, (i.e. d i f f e r e n t  boundary l a y e r  flow r a t e s ) ,  as w e l l  

as the  p r e s s u r e  d i s t r i b u t i o n s  on the  same contour i n  a one-layer flow w i t h -  

k = 1.14. In t h e  f i g u r e ,  curve 1 corresponds t o  one-layer flow, and t h e  re- 

maining curves - t o  a two-layer flow, where curves 2 ,  3,  4 ,  5,  6 correspond 

t o  values  y+ = 0.99, 0.95, 0.9, 0.8, 0.7. 

boundary l a y e r  flow rates g r e a t e r  than lo%, t h e  pressure  along t h e  nozz le  

decreases.  For flow rates less than 10% i n  t h e  v i c i n i t y  of t h e  angular  po in t ,  

t h e r e  i s  a p o s i t i v e  pressure  grad ien t  which arises i n  t h e  v i c i n i t y  of po in t  N 

(Figure 1). From po in t  N t he  flow i n  t h e  boundary l a y e r  begins t o  b e  a f f ec t ed  

by the  i n t e r n a l  l aye r .  

connected with the  f a c t  t h a t ,  f o r  one and t h e  same angle  of r o t a t i o n  of t h e  

flow i n  Prandtl-Meyer flow, pressure  i n  t h e  flow wi th  a l a r g e  k decreases  more 

s t rongly  than i n  a flow w i t h  a s m a l l  k.  

th icknesses ,  the e f f e c t  of t h e  i n t e r n a l  l a y e r  begins  t o  appear b a s i c a l l y  a f t e r  

po in t  2' ,  s o  t h a t  from po in t  2' the  p re s su re  d e r i v a t i v e  undergoes a discont in-  

u i t y  and begins t o  decrease more sharp ly ,  while  t h e  pressure  approaches t h e  

pressure  of  a one-layer flow. 

layer is  b a s i c a l l y  determined by the i n t e r n a l  l a y e r  (Figure 6 ) .  
turbulence brought about by the  i n t e r n a l  l a y e r  i s  weakened by the  f a n  of 

expansion waves. However, a t  s m a l l  boundary l a y e r  thicknesses ,  t h e  e f f e c t  of 

= 1.14 and k2 = 1.4 1 

From t h e  f i g u r e ,  i t  follows t h a t  f o r  

The occurrence of a p o s i t i v e  pressure  grad ien t  i s  

For r e l a t i v e l y  l a r g e  boundary l a y e r  

Af te r  t h i s  po in t ,  t h e  flow i n  the  boundary 

Up t o  point: 2 ', 

t h e  i n t e r n a l  l a y e r  is apparent i n  t h e  immediate neighborhood of t h e  angular  

9 



p o i n t ,  and t h e  pressure  i n  the  boundary l a y e r  s t r i v e s  t o  equal t he  pressure  i n  

t h e  i n t e r n a l  l aye r .  Since t h e  l a t te r  is  l a r g e r  with r o t a t i o n  by one and t h e  

same angle ,  a p o s i t i v e  pressure  grad ien t  arises. The p o s i t i v e  pressure  gra- 

d i e n t  increases  as the  thickness  of t he  boundary l a y e r  decreases.  Natura l ly ,  

as the  thickness  of t he  l a y e r  decreases ,  t he  d i f f e rence  between t h e  s ta t ic  

pressures  i n  one-layer and two-layer flows a t  t h e  w a l l  of t h e  nozzle  decreases.  

However, t he  Mach numbers i n  such flows then d i f f e r  considera3ly.  L e t  us no te  

t h a t  t he  p o s i t i v e  pressure  grad ien t  i n  flow around t h e  angular  po in t  occurs 

only when t h e  a d i a b a t i c  exponent i n , t h e  boundary l a y e r  is  g r e a t e r  than t h e  

a d i a b a t i c  exponent i n  the  center  of t h e  flow. 

work i n  ques t ion ,  a l l  ca l cu la t ions  were made f o r  a = 1. 

study i s  needed on t h e  e f f e c t s  of two-layers on flow around t h e  angular  point .  

We should recall t h a t  i n  t h e  

For CY $ 1, s p e c i a l  

I n  addi t ion  t o  t h e  ca l cu la t ions  f o r  two-layer flows i n  a nozzle  with no 

angular  po in t  using t h e  g r i d  method given i n  Sec t ion  1, s p e c i a l  ca l cu la t ions  

i n  a nozzle  with angular  point  curvature  are a l s o  presented.  A s  a r e s u l t  of 

t hese  ca l cu la t ions ,  i t  w a s  shown t h a t  w i th  angular  po in t  curva ture  - even 

wi th  r e l a t i v e l y  small r a d i i  of curvature  comprising 0.3-0.5 t h e  rad ius  of t h e  

c r i t i c a l  s e c t i o n  - a p o s i t i v e  pressure  grad ien t  on t h e  contour of t h e  nozzle  

does not  occur. 

Prepara t ion  of t he  p r o j e c t  and t h e  performance of t h e  ca l cu la t ions  w e r e  

accomplished by G. D. Vladimirov and M. F. Tamarovskiy, t o  whom t h e  author  is 

g r a t e f u l .  
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